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ABSTRACT 

We prove the following: 

Let (X,/3, #,T) be a weakly mixing dynamical system such that the 

restriction of T to its Pinsker algebra has singular spectrum, then for a[[ 

positive integers H, for all fi E L ~176 1 < i < H the averages 

N H 

f t  (rnx)f2(T2nx) "'" fH(T tf~x) converge a.e. to fid#. 
r t ~ l  

1. I n t r o d u c t i o n  

Let (X, B, #, T) be a weakly mixing dynamical system. The study of the averages 

N 
1 

-N E T n f l  " TU'~ f2 " " " TH'~ fH '  
"o,=l 

f l , f 2 , . . . , f H  E L ~(Ix)  

has been introduced by H. Furstenberg [Fu] in studying questions of multiple 

recurrence. Jointly with Y. Katznelson and D. Ornstein he proved the following 

result. 
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THEOREM 1 ([FKO]): Let (X ,B,# ,T)  be a weakly mixing dynamical system. 

For all positive integers H, for all fl ,  f2 , . . . ,  f H E  L ~176 the averages 

N H 
1 

-~ ~ Tail  �9 T2'~f2... THnfH converge in L 2 norm to n fid#. 
n = l  i = 1  

We refer to [Fu], for the original context in which the term multiple recurrence 

was used. In the same book he also raised the question of the a.e. convergence 

of these averages. 

In [B], J. Bourgain treated the case H = 2 and proved that  if T is an 

ergodic dynamical system and T1 and T2 are powers of T, then the averages 
N • ~ = 1  T~fl(x)  T~f2(x) converge a.e. when N tends to infinity. N 

Our purpose is to prove the following theorem. 

THEOREM 2: Let (X, 13,#,T) be a weakly mixing dynamical system such that 

the restriction of T to its Pinsker algebra has singular spectrum, then for all 

positive integers H, for all f i r  L ~176 1 < i < H, the averages 

-~ ~ f l(Tnx) . f2(T2nx). .. fH(THnx) converge a.e. to f~d#. 
n = l  "= 

Theorem 2 considerably reduces the possibility of finding a counterexample to 

H. Furstenberg's question for weakly mixing systems. It covers a very large class 

of weakly mixing systems. In the case of H = 3 we obtain a more precise result. 

THEOREM 3: Let (X, 13, #,T) be a weakly mixing system. Consider f C L2(#) 

and 7 9 the Pinsker algebra of T. Let f ~  = E(f[79) and denote by P ( f ~ )  the 

projection o f f  ~ (in L2(X, P,  #)) onto the vector space of those functions whose 

spectral measure is absolutely continuous with respect to Lebesgue measure. 

Then for all f2,f3 E L~ 

(1) 
N 

1 N 1 ZSOO(Tnx) f~(T2nx) f~(T3nx  ) li~ ~ f(Tnx)fz(Tenx)f3(T3nx) - -~ 
n = l  n = l  

= 0 a . e .  

(2) I f  we denote by ]1 t h e  function fo~ _ pfo~ 

N 
_ _  - n o o  2 n  1 ~-~f l (T  x).f~ (T x) . f~(T3~x)  
N 

2 
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for any f2,f3 e L~176 

The proof of Theorem 2 follows the following lines. 

(1) We reduce the convergence to the Pinsker algebra (maximum sub a field 

on which T has zero entropy). (Proposition 4) 

(2) We prove a result on the structure of pairwise independent joining 

(Theorem 5) that we develop from the proofs in [H]. This theorem and its corol- 

lary are of independent interest. In Section B we will give a contribution to the 

mixing of order 3 problem. In [A] we also use these results, among others, to 

prove a multiterm return times theorem for weakly mixing systems. 

(3) We combine these theorems and a couple of arguments to derive first 

Theorem 3, then Theorem 2. 

2. T h e  r e su l t s  a n d  p roofs  

(A) REDUCTION TO THE PINSKER ALGEBRA. The following proposition was 

proved by E. Lesigne [Le] in the case H = 2. 

PROPOSITION 4: Let (X, i~, #, T) be an ergodic dynamical system and 7 -9 its 

Pinsker algebra. If we denote by f ~  the projection of f onto L2(7 9) we have for 

all positive integers H for all fi E L~ 1 < i < H 

lira 1 N N N E f l (Tnx)f2(T2nx) '" fH(THnx) 

1 N 
N f (Tnx)f (T2 x)"" fT(T" x) = 0 a.e. 

n = l  

Proof: First we recall a few points regarding the Pinsker algebra. The result 

will follow for each Ti(A) and then, by density, for all L ~ functions. 

(a) There exists a a algebra A such that 

T - 1 A  c A; N T - ~ A  = P; U T ' A  is dense in P. 
n n 

(b) If we denote by E(f[T-kA) the conditional expectation of an L 1 function 

with respect to the ~r field T -k (A), we have by the martingale convergence 

theorem 

lim E(f lT-kA)  = E( f IP  ) = f ~  a.e. 
k - ~ o o  

(c) E(g o T"~IT-nA) = E(glT-('~-"~) A) o T m = foo. 
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We can assume t h a t  I{fettoo < 1 for 1 < g < H and the fe are A measurable. 

For simplicity of nota t ion we will prove the case H = 3. The reader will see tha t  

the method  extends wi thout  difficulty to any positive integer H. The  pa th  is the 

following. 

We show that  

N ',,N 

(ii) 

(iii) 

N 

f , (  x).f2(T x)f3(T x) Z T n 2n 3 ~  

1 N )) 
N ~ f~(T'~x)f2(T2nx)f3(T3nx = 0 a.e. 

r t ~ l  

N 

J l  ~, ] J 2 k  , ).13k : . )  

n = l  

t N )) 
N ~ (T x) f  2 (T x)f3(T z = O a . e .  

n~-I  

l i m ( ~  ~vy_~_ ~ T ' ~ x \ ~ T a ~ x  ~r tT~.~.~ N J l  l ) J 2  t �9 ) J 3 t  , ' )  

N 

1 ~ ~(Tr~x~r ar Z_.,J1 ~ ) . ,7 ~ J 3 ~ . ~! = O a . e .  
/ 

r t = l  

Combining (i), (ii), and (iii) we obtain a proof of the proposition. 

STEP (i): We fix e > 0 and consider a positive integer k such tha t  

rio) ItE(faIT-kA) - f~~ I < ~. 

We consider for r, where 0 < r < k - 1, 

01) 
N N 

1 ~_~(ft - F'(fl)(T-kA))(T~k+rx)f2(Za%k+r)x)f3(r3(nk+~)x) = -~ Z H,~- 
N 

~=l n = l  

For k and r we compute  

02) E[(f l  - E(flI(T-kA)) o T '~k+~" "2 oT 2(~k*~) " f3 o T3("~k+~)lT-[(n+l)~+~lA] 

= E(H~ [T-((~+~)~+~)A). 
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The functions f2 o T 2(nk+r) and f3 o T 3(nk+r) are T-((n+l)k+r),A measurable for 

n > 2. Thus 02) is equal to 

f2 o T 2(nk+r) �9 f3 o T 3(~k+<) �9 E[(fl - E(fl IT-kA)) o T~k+~IT-[(n+l)k+dA ] 

which, by (c), is equal to zero. 

We can conclude that the averages in 01) converge a.e. to zero. We have 

oo N 2 

i  VI<o' E d#< c~ 
N : I  n : l  

as f HiHjd# = 0 for i # j .  Then using the boundedness of Hn we obtain 

N 

N H n  = 0 a.e. 
n = l  

This being true for each r, 0 < r < k - 1 we conclude also that the averages 

(i3) 

N 

i E(fl _ E(flIT-kA))(Tnx)f2(T2~x)f3(T3nx) 

n = l  

converge a.e. to zero. To reach the conclusion in Step (i) it is enough to evaluate 

N 
__1 E [E(fl IT_kA ) _ Jlrc~]'Tnx'eJt )12k'T2nx~e}J3<'T3nx'~}. 
N 

n : l  

By Birkhoff's theorem we have 

liin 
N 

N 

1 E(]E( f  a IT_kA) _ f~)(Tnx)f2(T2nx)f3(T3~x) 
n = l  

N 1 
< _ l i ~ - ~ E I E ( f a l T - k A ) -  f~l(T'~x) (asl[fell~ < l forg=2,3)  

n = l  

= . l  IE(fl ]T-kA) - f~ldP < e by (i0) 

(as T is elgodic). As e is arbitrary we have shown that 

N 

1 E ( f l  _ f~(Tnx))f2(T2nx) " f3(T3nx) 
N 

n = l  

converge a.e. to 0. 
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STEP (ii): The  proof  is analogous to Step (i). We only sketch it. Again we 

s ta r t  wi th  e > 0 and fix k such tha t  

(ii)0 llE(f2l T-2k.A) - f~ll < c. 

Then  for 0 < r < k - 1 we consider 

N 
1 

(ii)l -~ ~ f~(Z'~k+r x)(f2 - E(f2 Ir-2kA))(r2(nk+r)x) �9 f3(T3(nk+r)x). 
n = l  

The  functions ( f~  o Tnk+r). ((f2 - E(f2 IT-2k,A)) o T2(nk+r)).  f3 o T a(nk+~) are 

T-(2('~k+~))A measurable ,  as f ~  o T ~k+r is 7 ~ measurable.  We compute  the 

condit ional  expec ta t ion  of 

f ~  0 T nk+~. (f2 - E(f2lT-2kl)) 0 T 2(nk+r). f3 o T 3(nk+~) 

wi th  respect  to r-2[(n+l)k+r]A for n > 2. 

As previously, we obta in  0 and conclude tha t  the averages in (ii)l converge a.e. 

to zero. Thus  the  averages 

N 

1 E f~(Tnx)( f2 - E(f2 IT-2kA)(T2nx)f3(T3nx) converge a.e. to 0. 
N 

n = l  

Finally we evaluate  the averages 

N 
1 -~ ~ f~(Tnx)(E(f2 I(T-2kA) - f~)(T2~x)f3(T3nx). 

n = l  

Using (ii)0, I I f ~ l l ~  -< 1 as f ~  = E(fI:P),  I I f ~ l l ~  < 1, we obtain  

/ y____~ N f~'~)(T'nx)f3r d# 1 E f ~ ( T n x ) ( E ( f  2lT_2kA) _ 

N 

<_ f - n:l 

= f IE(IzIT-2kA) - f~ld# < e 

by Birkhoff ' s  theorem applied to T 2. These  steps give us 

N ~ - " ~  ,.Cr ~ r [r2nx'~ 4: :Z3nx~  1 N l im 2.-, 11 I xH2t :Jar : - -N E f~(Tnx)f~(T2nx)f3(T3r~x) 
N 

n = l  n = l  

= 0 a.e. 
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STEP (iii): We believe the process is now clear. The starting point is again 

> 0, then k fixed, so that 

l i E ( f 3 1 T - 3 k A )  - f ~ l l  < ~. 

Then for 0 < r < k - 1 we consider 

N 
1 

N E r162  _ E(f3)T-3kA)(Ta(nk+~)x). - -  J] \JL "~]J2 ~,.L m)l, J3 

n=X 

We obtain a martingale by considering the sigma fields (T-3(nk+~)A)r~>__a. We 

conclude by using the limsup and Birkhoff's theorem. 

(B) ON THE STRUCTURE OF PAIRWISE INDEPENDENT JOINING. 

Definitions: Given an integer r _> 2 and a joining of r dynamical systems 

( X i , t 3 i , # i , r i ) ,  1 <_ i < r is a probability measure w on the product space 

[I i (Xi,  B~) which is invariant under the diagonal transformation 1-Is Ti and whose 

marginal projection on each Xi is equal to Pi; the joining w is pairwise indepen- 

dent if its projection on Xi x Xj is equal to Pi x pj for all 5s j ,  and it is independent 

if it is the product measure. 

�9 A system (X, B, #, T) is mixing of order 3 if, for every Ai E B (1 < i < 3), 

3 

p(A1 n Tn~A2 A Tn3A3) converges to H #(Ai) when n2 --~ 00, n3 - n2 -~ 00. 
i=1 

�9 A function f l  E L 2(/~) generates the mixing of order 3 property for the system 

(X, B, p, T) if for all functions f2, f3 E L ~ (#) 

3 

i=1 

�9 From now on we can and will assume that the dynamical systems are standard, 

i.e., X is compact, B(X) = the set of Borel sets of X, and T is a homeomor- 

phism on X. 

In this section we will prove the following results. 
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THEOREM 5: Let (X1,BI,#I,T1) be a weakly mixing system. Take f E L2(#1) 
and denote by P f the projection of f onto the vector space of those functions 
whose spectral measure is absolutely continuous with respect to Lebesgue mea- 

sure ~ .  

Let w be a pairwise independent joining of (X1,131, #1, T1) with two ergodic 

systems (X2, B2, #2, T2) and (X3, B3, #3, T3), one of them being weakly mixing. 

Then for all f2, f3 E L~~ we have 

f f(xl)f2(x2)f3(x3)dW(Zl,X2,X3)=(f f d # l ) ( f  f 2 d # 2 ) ( f  fad#3) 

+ J Pf(xl)f2(x2)" f3(x3)dW(Xl, x2, x3). 

The corollary is then immediate, by taking Pf  = O. 

COROLLARY: Let (X1,BI,pl,T1) be a weakly mixing system and fl E L2(pl) 
such that af~ • m (where all is the spectral measure off1 and m is the Lebesgue 
measure). Then for all pairwise independent joinings w of (X1,131, #1, T1) with 

two ergodie systems (X2,B2,p2,T2) and (Xa,B3,#3,T3), one of them being 

weakly mixing, we have 

f f l (x l ) f2(x2) f3(x3)dw=(f  f ldpl)  ( f  f2dtte) ( f  f3d,3). 

THEOREM 6: Let (X,B,#,T) be a mixing system and f E L2(p) such that 
a I 2_ m. Then f generates the mixing of order 3 property. 

Proof of Theorem 5: Our proof mainly follows the lines of [H]. The main point 

is to show that some of the arguments presented in [HI can be made "local". 

LEMMA 1: Let (X1, B1, #a, Ti) be a weakly mixing system. Then any f E L2(#) 

can be written as f = fl +re where cri~ << m, f Ild# = f Id# and fl - f  fd# = fl 
is such that aI~ _1_ m and crf~ is continuous. 

Proof of Lemma 1: It is a simple consequence of the spectral theorem. 

We can decompose L2(#1) = H1 |  where 

/-/2 = {f  E L2(#1): or/<< m} and //2 = {f  C L : (# I ) :  a f • m}. 

Then f = f l + f 2  with fl  E Hi and f2 C He. As crf~ is continuous we have 

f f2d#l = 0. Thus f fld#l = f fd#. The transformation T1 being weakly 

mixing, we have 

f l - / f l d # l = f l - / f d # = f l ,  
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and this funct ion f l  has continuous spectral measure a y .  

Finally, as C c H,  we have crfl I m .  

End of the proof of Theorem 5: By Theorem 3 [HI, for w a pairwise independent  

joining of (Xi, gi, Pi, Ti), 1 < i < 3 where (X1, B1, #1, T~) satisfies the assumpt ion 

of L e m m a  1, 92,93 E L~176 (for i = 2,3). We know tha t  there exists a finite 

complex measure ~- on ~I "3, 

§ n, p) = / fl (T~xl)g2(T~x2)g3(T~xa)dw(xl, xe, x3). 

This measure ~- is concentrated on the closed subgroup 

H = { ( x l , x 2 , z 3 )  e V : = 0 } .  

Furthermore,  the images of ITI by the natural  projections (7rl,2,7rl,3, Ir2,3) of T 3 

on T 2 are absolutely continuous with respect to O'fl >( O~f2, O'3~ X O'g 3 and crg 2 X ag3, 

respectively. 

The  goat is to show tha t  ~-(0) = 0, which will follow from ~- = 0. 

By Theorem 5 [HI, this measure has the following property:  each projection 

of p = Irl  on Y is the sum of a discrete measure and an absolutely continuous 

measure (with respect to Lebesgue measure). In part icular  the first project ion 

Pt of p on T is the stun of some discrete measure and some absolutely continuous 

measure with respect to m (Lebesgue measure). 

But  Pl is << a l l  which is A_ m, by Lemma 1. Thus  01 = 0 :=> p = 0 arid r = 0. 

In part icular  #(0) = 0, which means tha t  

Thus  

f fl(3:l)g2(x2)g3(x3)d~tu(Xl, x2, x3) = 0. 

f fl(xl)g2(x2)ga(x3)dw(xl,x2,x3)= ( l  fld#l)fg2(x2)ga(xa)dw 

as the project ion of w on (2,3) is the product  measure #2 x #3. II 

Proof of the Corollary: The  proof  is immediate. We simply take P f = O, 
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Proof of Theorem 6: We consider a mixing dynamical system. As we said at the 

beginning of section B, we can assume that  (X, B, #, T) is a "standard" dynamical 

system. 

We take f C L2(#) with o'f J_ m. We need to show that  for all f2,f3 C L~(#)  

we have 

3 

If we assume (**) false then we could find f2, f3 E L~(#)  such that  

3 
�9 nk k H fid# . 

By a diagonal process on the set of continuous function C(X), we can extract a 

k' k' n k subsequence (n2,  n 3 ) of ( 2, n3 k) such that  Vhl, h2, h3 e C(X) 

im/  k, k! hl(x)h~(T n~ x)ha(T na x)d# exists. 

This limit defines a measure w which is a pairwise independent joining by the 

mixing property (X, B, #, T). 

By density of C(X) in L2(#) we also have 

lim f ( x ) f2 (T  n~ x)f3(T na x)dp =- f(xl)f2(x2)fa(x3)dw. k ' --+ oo 

By the corollary to Theorem 5 we have 

/f(xl)f2Ix2)f3Ix3)dw = / f d # / f 2 d "  If3d#, 

which is a contradiction. This proves Theorem 6. 

(C) PROOFS OF THEOREMS 2 AND 3. 

(C1) Proof of Theorem 3: Part  (1) of this theorem is a direct consequence of 

Proposition 4. It  is enough to consider the restriction of T to the Pinsker algebra 

~o. We assume that  (X, 7 ) ,p ,  T) is a standard dynamical system. We consider 

]1 C L 2 (X, ;o, #) such that  al l  • m. We will reach a proof of part  (2) of this 

theorem after several steps: 
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S T E P  1 : We can find a set of full measure X such that for all x E X,  Vh, g C 

C(X) we have 

N 
1 h(Tnx)g(T 2,'x) converge to / hd# / gd#, 

N 
1 

(2) N E  
n-= l  

h(T2nx)g(T3n x) converge to / hd~ . / gd#, 

N 
1 (3) 

n=X 

h(Tnx)g(Tanx) converge to / hdp. f gdp. 

This first step can be proved by using [B] (for the a.e.). This result guarantees the 

convergence of elements in (1), (2), and (3) for a countable dense set of continuous 

functions. The identification of the limit comes from the norm convergence result 

of [FKO]. 

STEP 2: Given ]1 C L2(#) there exists a sequence hi of continuous functions 

such that 

lira sup [ 1 ~ ]]1 - hii(Tnx)lf2(T2nx)ilf3(T3nx)] : 0  
n = l  

for all x C __ set of full measure, f2, fa e C(X), If2l < 1, [f3l < I. 
To prove this we can use the maximal inequality and the density of C(X) in 

L2(#). We have 

N N 

N n = l  n = l  

By selecting hi such that E ~ ,  ]if1 - hii[1 < cx~ we get for each ~ > 0 

oo ( Npil ~ ] } 1 ~ 1 /  ] f x - h , l ( T n x )  >A <--s Ifl-hildP<oe. 
_ ~ x : s  N n = l  = 

A simple application of the Borel-Cantelli lemma gives the proof of Step 2. 

S T E P  3: W e  want to prove that for x E _ M 2 ,  

N 



122 I, ASSAN[ Isr. J. Math. 

for all f2, f3 ~ C(X). 
First there exists a sequence Nk(x) such that 

N 

lim N E A(T'x)fz(T2"x)f3(T3'~x) 

Nk (x) 

= lim 1 k ~ E ]l(Tnx)f2(T2nx)f3(T3nx)" 

By a diagonal process we can extract a subsequence Mk(x) such that 

M k ( x )  

lira 1 S k Mk(x) Z a( Tnx'T2"x'T3 x)= 
n = l  

for all G C C(X x X x X). 
independent by Step 1. 

By Step 2 we have 

The measure w is a joining which is also pairwise 

M~ (~) 1 
lim E 

k M k ( x ) . = 1  
fl (T'~ x)h (T2'~x) f~ (T3~x) = 3-~oolim ShJ(~l)A(x2)5(x3)dw. 

As Ilhj - f l l  ~ o we have 
J 

lim jhj(xl)f2(x2)fz(x3)dw= f ]l(xl)f2(x2)f3(x3)dw" 
j -~ c~ 

So 

Mk(:~) 

lim 1 i k-4o~ Mk(x) E ]t(T'~x)f2(T~'~x)fa(Tanx) = fl(x,)f2(x2)fa(xa)dw. 
n = l  

As a j, Z m we have by the corollary to Theorem 5 

S ]l(xl)f2(x2)f3(x3)dw= ( i  Ldv)(j Adv)(f#~) 

(as f fdp = f fldw). 
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By using similar arguments for 

N 

lira  1 E ] l ( T n x ) f 2 ( T 2 n x ) f 3 ( T 3 n x )  

n = l  

we obtain a proof of Theorem 3. 

(C2) Proof of Theorem 2: The ideas of the proof are similar to the ones used 

in Theorem 3. First, by Proposition 4 we can reduce the proof to the Pinsker 

algebra of T. 

The system (X, 79, #, T) is weakly mixing and has singular spectrum. We can 

assume that  it is "standard" to be able to deal with continuous functions. For 

the continuous functions f ~ ,  f ~ , . . . ,  f ~  we construct w a pairwise independent 

joining for x in a subset of X of full measure by considering 

N 
1 

liNm ~ ~ fF  (Tnx) f ~  (T2~x) "'" f ~  (THnx) 
n = l  

and using the a.e. convergence of -~ N Y~n=] g~(Tinx)gJ~ to 

( f  g~d#)(f  g~d#), i r j for all g~,g? �9 C(X). 
As (X, 7 9, #, TP),p �9 N* is also weakly mixing with purely singular specmml  

we can use Theorem 2 in [HI to conclude that  this joining w is independent. This 

shows that 

N H 

~ I N E  oo n cx) 2n, / ~ : 1 /  cx3 1 fl (T x)f~ (T x).. ' f~ (TnHx)= fi dlz. 
n=l  = 

A similar argument for lim gives the a.e. convergence of the averages 
1 N oo ~n=l f ~  (Tnx)f~(T2nx) "'" f~(T~Hx) to [Ii=l f fff~d#. Combining Propo- 

sition 4 and the last conclusion we obtain a proof of Theorem 2. 

Remark: As mentioned in the introduction, the methods used in this paper  can 

be used to obtain a mult i term return times theorem for weakly mixing systems 

with some indication of the good universal set. This is done in [A]. 
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